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Abstract.  In  the  present  paper,  we  introduce  Stancu-Chlodowsky  type  (A,  q)-Bernstein 
operators  and  investigate  their  approximation  properties.  We  obtain  convergence  prop¬ 
erties  of  these  operators  by  using  Korovkin’s  theorem  and  Voronovskaja  type  theorem 
for  new  operators.  Finally,  we  generalize  these  operators  and  give  some  approximation 
properties. 
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1.  Introduction  and  preliminaries 

In  1912,  Bernstein  [2]  proposed  the  famous  polynomials  called  nowadays  Bern¬ 
stein  polynomials  to  prove  the  Weierstrass  approximation  theorem.  He  defined 
them  as  follows. 

Let  Bn{f;  x)  :  ^[0, 1]  — )•  C[t),  1]  be  defined  for  any  /  G  (^[O;  1]  by 

Bn(/:P  =  E(  ^  a,€[0,l|.  (1) 

fc=0  ^  ^  ^  ^ 

Later,  it  was  found  that  these  polynomials  possess  many  remarkable  prop¬ 
erties  and  their  various  generalizations  have  been  studied  [14,  13,  6,  10,  11,  12, 
15,  16,  17].  The  importance  of  the  Bernstein  polynomials  led  to  the  discovery 
of  their  numerous  generalizations  aimed  to  provide  appropriate  tools  for  various 
areas  of  mathematics,  such  as  approximation  theory,  computer-aided  geometric 
design,  and  the  statistical  inference. 

Let  g  >  0.  Then  for  each  non-negative  integer  n,  the  g-integer  [n]q,  the 
g- factorial  [njg!  and  the  q  -binomial  coefficients  are  defined  by  (see  [8]) 
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Ng  := 

[n]q\ 


n 

k 


1-9’  forn  G  N  and  [0]q  =  0, 

nn,  if  (7  =  1, 

[n]q[n  -  l]q  ■  ■  ■  [l]q,  U  >  1, 

1,  n  =  0, 

Ng! 


g 


[k]q\[n  -  k]q\' 


On  the  other  hand,  Karsh  and  Gupta  [9]  introduced  (7-Chlodowsky  operators 
as  follows: 


n 


k=0 


where 


(2) 


bn,k{x;q) 


(3) 


and  0<(7<1,0<x<6„  and  bn  is  a  sequence  of  positive  numbers  such  that 
lim„^oo  bn  =  00,  lim^^oo  =  0. 


n  , 


Recently,  the  Chlodowsky  variant  of  (7-Bernstein-Schurer-Stancu  operators 
was  introduced  in  [18]  as 


n+p 


a:)  =  ^  bn,p,k{x]  q)f 


k=0 


f\k]q-\-  a 

VNg  +  /3 


(4) 


where  n  G  N,  p  G  No,  0  <  g  <  1,  0  <  x  <  6„,  a,  /?  G  M  and  0  <  a  <  /?.  For  p  =  0, 
a  =  /3  =  0,  we  obtain  the  g-Bernstein-Chlodowsky  polynomials. 

In  2018,  Cai  and  Zhou  [5]  introduced  (A,  g)-Bernstein  operator  bases  with 
shape  parameter  A  G  [—1,1]  as 


Bl^xU'^x)  =  ^bn,k{x;q)f 

k=0 


(5) 


Chlodowsky  type  (A,  g)-Bernstein-Stancu  operators 


77 


where 


bnfi{x-,q)  =  bn,o{x-,q)  -  j^^^^bn+i,iix;  q), 
bn,k{x-,q)  =  bn,k{x;q)  +  bn+i,k  ix-,q)- 


bn, nix,  q)  —  bn, nix,  q')  bn+l,nix,  q)- 


(6) 


and  bn,kix;q)  = 


n 

k 


(x)^(l  —  x)q  A  G  [—1, 1]  is  the  shape  parameter,  k  = 


g 


1,  2, ...,  n  —  1,  n  >  2,  X  G  [0, 1]  and  0  <  (7  <  1. 

For  more  recent  works  on  A-Bernstein  basis,  we  refer  the  readers  to  [1]  and 

[4]. 

Lemma  1.  Let  Crit)  =  t'",  r  G  N  U  {0},  x  G  [0, 1],  0  <  g  <  1  and  n  >  1.  For  the 
iX,  q)- Bernstein  operators  B'^^if;x),  we  have 


i^)Bn,\ieo;x)  =  1 

^  ,  [n  + l]gx(l -x”)  2[n  +  l]qxA 


[n?,  -  1 


1  -x*^ 


+gx(l  -  x’^-^) 


2[n  +  l]qX 


+ 


<l[n]q 


^Ng(Ng  +  1) 

1  A 

1  1 

J  (N^  - 

-1)' 

2 

nx 

1  - 

[n]q 

1  -  (1  -  x)”+^  -  x’^+i 


|2[n  +  l],x2(l-x"-^) 


1  -  (1  -  x)g+^  -  x"'^^ 


i'>'i^)K,\i^2-,x)  =  X^  + 


[n  +  l]qAx(l  —  x"^)  2[n  +  l]qAx^(l  —  x'^  ^)(1  — g) 

H,([nl,  +  1)  +  RFd 

1  —  (1  —  x)”’*'^  —  x"^^^  —  [n  +  l]qx(l  —  x^) 

^Ng(Ng  -  1) 

2  x(x  —  1)  [n  +  l]gxA 


+ 


A 


N, 


+ 


1  -x^ 


Ng(Ng  -  1)  L  Ng 


+  gx(l-x”-^) 


2[n  +  l]qA 


x(l  —  x”) 

Ng(Nq  -  1)  L  Ng 
+q^[n  -  l]qX^(l  -  x”“^) 


+  g(2  +  g)x^(l-x’"-^) 


78 


M.  Mursaleen,  A.A.H.  Al-Abied,  M.A.  Salman 


Q[n]qi[n]q  +  1) 


|[n  +  l]qX^{l  -  x” 


[n  +  l]gx(l  -  x^+i 


+ 


<l[n]q 

2A 


<l[nV 


q[n  -  l]q[n  +  ViqX'^ {I  -  ) 

+ 


[n]q{[n?q  -  1) 

(1  —  q)[n  +  l]qX^(l  —  x”"^)  [n  +  l]qx(l  —  x"") 


g2[n]g 


1  -  (1  -  x)"+i  -  x'^+i 


2.  Construction  of  operators 


Considering  the  revised  form  of  (A,  g)-Bernstein  operators  [5],  we  construct 
the  Chlodowsky  of  (A,  (7)-Bernstein-Stancu  operators  as 

(/;  =  ^Kkix;  q)f  .  (7) 

Lemma  2.  Let  er{t)  =  C,  r  G  N  U  {0},  and  n  >  1.  For  the  Stancu- Chlodowsky 
type  {X,q)- Bernstein  operators  B^nXq^f'^x),  we  have 


=  1 


[n]q  +  /3  t  h 


+  A 


((g-l)[n]g-g-l)[n  +  l]gx 

g([n]2  -  l)bn 


+ 


2(1  -  q)[n]q[n  +  l]qx^ 

{[n?q  -  m 


{{q  -  l){2q  -  l)[n]q  +  q)[n  +  l]g  +  (1  -  q)[n]q  f  x 


Q{[n?q  -  1) 


n+l 


(1  -  DC  - 1 


“h  (X 


\n\aX 


-q-l)  +  {q^  +  l)[n]g  - 


^qa{{q-l)[n\ 

n  +  l]gX 


g2([n]2  -  1)6„ 
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+ 


{[n]q{q^  -  1)  -  9(V  +  3g  -  2)  -  1) 

n]q[n  +  l]q 


—Aqa{l  —  q) 


\  q{[n]l  -  1) 


+  2a[n]q{[n]q-l)J-^ 


+ 


2g(l  -  q^)[n]q[n  +  l]q[n  -  l]qX^ 

([n]2  -  1)63 


+ 


{{q^-l){2q-l)[n]q 


+‘iq^  +  l)[n]q[n  +  l]q  +  2a  {{q  -  l){2q  -  l)[n]q  +  q)[n  +  l]q 


+  (1  -  q)[n], 


\nl 


[n  +  l]g 

j9(Ng-l)  Ng  +  1 

X  2qa  —  1 


Q{[n]q  -  1)  j  \bn  ^ 


X 


n+l 


Proof.  We  can  obtain  (i)  easily  by  the  fact  that  Ylli=obn,k{x]  q)  =  1.  Next, 
by  (7),  we  have 

(ii)  Using  [k]q  =  -  -  and  [kfq  =  we  have 

q  q  ^  q  q 


fc=0  ^ 


[k]q  + 

[n]q  + 13 


[n]q  +  (3 


Ew  ^n,k{x'iq)  +« 


fc=0 


hn+i, k{x]q) 


Ng  “  2(7[/c]q  —  1  ^  I 

'  /  \^\q  |■^j2  _  2  ^n+l,k+l\^'}Q) J  ~h  O^J 


[n] 


^  +  A (a,(„;  a,)  -  A2(n;  a;))  +  a) , 


Now,  let  us  calculate  Ai(n;x)  and  A2(n;x): 

[n\q  -  2[k]q  +  1 

L'^Jq 

fc=0 


Ai(n;x)  =  ^[k] 


q  1-^12  1  bn+l^k{x',q) 


[nYq  -  1 
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1  2  ” 

T~i  3Y  9)  “  r  p  _  j  Wq^n+l,fc(^i  g) 

^  fc=0  ^  A:=0 


[n  +  l]qX 


n— 1 


([n]g  l)6ri 

2[n  +  l]qX 
([n]2  -  l)b„ 


'^K,k{x;q) 


2q[n]q[n  +  l]qX 


2 


([n]2  -  1)62 


'^bn-i,k{x]q) 


k=0 


n—1 


J2Kk{x;q) 


k=0 


[n  +  l]qX  2q[n]q[n  +  l]gX^  {{2q  -  l)[n]q  +  l)[n  +  l]q  (  x 


{[n]q  +  l)bn  {[nYq-l)bl 


[n]2  -  1 


n+1 


n—1 


A2{n;x)  =  Yj^kq] 


[n\q  -  2q[k]q  -  1 


(8) 


k=l 


[n]2  -  1 


n—1 


^n+l,fcH-l  (^?  Q) 


qbn+l,k+l{x'',  q)  r  p  'y  '^^[k]qbn+l,k+l{x'',  q) 

mq  +  i  Wq  -  i 

_L  11  ^  1 

/r  1  I  Y  Vfc(a^;  9)  -  (I  1  1-11  X]  ^n+l,fe+l(a^;  9) 

g([n]q  +  l)6n  ^  g([n]g  +  1)  ^ 


n—1 


2[n]q[n  +  IJqX^  ”  ^ 


(N^  - 1)&^ 


Ybn-I,k{x;q)  + 


2[n  +  l]qX 

g([n]2  -  1)6, 


n—1 


YKk{x;q) 


n—1 


ir  12  i\  ^  ^  ^n+l,fc+l(^>  ?) 

limq  - 1)  ^ 


[?^  +  l]ga;  _  2[n]q[n  +  l]gX^ 
g([n]q  -  l)6n  ([n]2  -  1)62 

((2g-l)[n  +  l]g-g  +  l)[n]g/  xy+^ 
1  Qilxila  —  1)  \\bnj 

^qi[n]q-l)[}  bj^  ) 


(9) 


Combining  (8)  and  (9),  we  have 


r>(a,/3) 

X^n,\,q 


(ei;x) 


bn  f  [n]qx  l{{q-l)[n]q-q-l)[n  +  l]qx 
[n]q  +  /3\  bn  [  g'([n]2-l)6n 
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2(1  -  q)[n]q[n  +  l]qX^ 

Ml  -  m 

{{q  -  l)(2g  -  l)[n]q  +  q)[n  +  l]q  +  (1  -  q)[n]q 
q{[n]l  -  1) 


1 


qMq  - 1) 


n+l 


=  Y^Kk{x;q) 


k=0 


[k]q  +  a 


hi 


n]q  +  /? 
n 

.r  1  0^2  (  q)  +  2a'Yyi]<fin,k{x]  q) 

\[n\q  +  P)  V 

n  ^  \ 

/ 

2  2[n\qax 


k=0 

62 


+  2aX 


(N<?  +  /5)H"  ’  br, 

((g  -  l)Ng  -  g  -  l)[n  +  l]ga;  _  2(1  -  q)[n]q[n  +  l]qX^ 
g([n]2  -  1)6„  ([n]2  -  1)62 

((g  -  l)(2g  -  l)[n]q  +  q)[n  +  1]^  +  (1  -  q)[n]q  (  x  ^ 


+ 


+ 


g([n]2  -  1) 

- \ - ((l-  Mn+l  _  ^ 

q{[n]q-l)[}  bM 

n]q{[n]q  -  l)x2 


+ 


n  „x 


hi 


^  k=0  ^ 


n—1 

Ew 

k=l 

hi 


2  Ng  -  Mk]q  -  1 


[n]2  -  1 


bn+i,k+i{x-,q)^  I 


{[n]q  +  M 


o?  +  (2a  +  1)' 


+  2a\ 


((g-l)[n]g-g-l)[n  +  l]gX 


g([n]2  -  1)6„ 


+  ([n]q{[n]q  -  1)  - 


2(1  -  q)[n]q[n  +  l]q\  x2 

(No  -  1)  An 
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{{q  -  l){2q  -  l)[n]q  +  q)[n  +  l]q  +  (1  -  q)[n]q  (  x 


9(N<?  -  1) 


M  -  1) 


^  ^3(n;x)  -  A4(n;x)  L 


Calculate  As (n;  x)  and  A4(n;x).  Using  [k]q  =  [k]q+q{2+q)[k]q[k  —  l]q+q^[k]q[k  — 
l]q[k  —  2]q,  we  have 


A3(n;x)  =  '^[k] 


2[n]q  -  2[k]q  +  1 

[n]2  -  1 


bn+i,k{x;q) 


1  ” 

-^'^[k]qbn+i,k{x;q) 


N.  - 1 

q[n]q[n  +  l]qx‘^ 


\n]2  _  1 

1  U  k=o 


-r  IJgX  [n+l]gX 

<i"i«  - 1)65  h,  <["!»  - 1)*"  h 


2[n  +  l]gX 
([n]2  -  1)6„ 


_  2g(2  +  g)[n]g[n  +  l]gX^ 
([n]2  -  1)62 

n— 3 

'^bn-2,k{x;q) 


'^bn-i,k{x]q) 

k=0 


2q^[n]q[n  +  l]q[n  -  l]qx^ 

(HFUI 

[n  +  l]gX  g([n]g  -  2q  -  3)[n]g[n  +  l]gX^ 
([n]g  +  l)6n  ([n]2-l)62 

2q^[n]q[n  +  l]q[n  -  l]qX^ 

{[nVq  -  l)bl 


'q{{2q  -  l)[n]q  +  3)[n]g[n  +  l]g 

[n  +  l]g1  /  X  \ 

[  [n]2  -  1 

[n]g  +  ij  \bnj 

Using  [A:]2  = 


2  _  [fc  +  Mq[k]q  [k  +  l]g  1  ,  r,  13  _ 


[k  +  l]q[k]q{l  -  q)  [k  +  l]q  1 


^  and  [/c]^  =  [k  +  l]q[k]q[k  -  l]g 


+  - - 4—^ - we  have 


A4(n;x)  =  ^[k] 


2  Ng  -  2<?[fc]g  -  1 


[n]2  -  1 


^n+i,fc+i  {x,  q) 
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^  IL - J.  2  ^ 

r  1  ,  -I  y][k?qbn+i,k+i{x-,  q)  -  .  V (x;  q) 

N<?  + 1  ^  Ng  - 1  ^ 


9(H,  +  1)6^  ,2(|„],  +  1)6„ 

^  n— 1 

+^7rTV^  ^n+i,k+i  (a;;  q) 

r(Ng  +  i)  ^ 


2g[n]g[n  +  l]g[n  -  l]gX 

(No  -  l)&n 


2  _  1)53  2_^bn-2,k{x,q) 

9  "■  fe=0 


2(1  -  q)[n\q[n  +  l]gX^ 
g([n]2  -  1)62 


'^bn-i,k{x;q) 


■rvL-jg 

I  -I  1  ^  1  2  ^  ^ 

— 2/(1 2  X]  Vfc(a;;  9)  +  2f\  12 — TT  X]  ^n+i,fc+i(a:;  g) 

g2([n]2  -  1)6„  ^  g2([j^]2  -  1)  ^ 

[n  +  l]gX  {[n]q  -2q  +  l)Ng[^  +  l]gN 

q^{[n]q  -  l)bn  q{[n]l  -  1)62 

2q[n]q[n  +  l]q[n  -  l]qX^ 

(N^  -  m 

U{2q-l)[n\q-l)[n]q[n  +  l]q  N<?  1  ( JK  y+^ 


H - ^ _ (  1  _  (1  _  ±)n+l 

^(72([^]^_1)^  ^  5j</ 

Combining  (10)  and  (11),  we  have 


n,X,q(^2,x)  ([^]^  +  ^)2| 


a^  +  (2a  +  l)« 


+2aA 


{{q  -  l)[n]q  -q-  l)[n  +  l]qX 


+  '  [n]q{[n]q  -  1)  - 


g([n]2  -  1)6„ 

2{1  -  q)[n]q[n  +  l]q\ 


(No  -  1)  J  bl 


{{q  -  l)(2g  -  l)Ng  +  Q)['n  +  l]g  +  (1  -  q)[n]q  (  x 
NK-1)  \bn 


84 


M.  Mursaleen,  A.A.H.  Al-Abied,  M.A.  Salman 


X 


(1-f 


,n+l 


b 


-  1 


+A 


Q{[n]q  -  1) 

+  l)[n]q  -q"^  +  l)[n  +  l]qX 


+ 


g2([n]2  -  l)bn 

(Ng(g^  -  1)  -  g(V  +  3g  -  2)  -  l)[n]q[n  +  l]qx‘^ 

Q{[n]g  -  l)&n 

2q{l  -  q‘^)[n]q[n  +  l]q[n  -  l]qX^ 

(Ng  -  l)&n 

((g^  -  l)(2g  -  l)Mg  +  3g^  +  l)[n]q[n  +  l]g  _  [n  +  l]q 

g(Ng  -  1)  Ng  +  1 


g(Mg  -  1) 


n+1 


g^(Ng  -  1) 


n+1 


Lemma  3.  Taking  Lemma  2  into  the  account,  we  get  the  following  central  mo¬ 
ments: 

bn. 


n 


[n\q  +  /? 


-  1  X  + 


[n\q  +  (3 


X 


((g  -  l)Ng  -  g  -  l)[n  +  l]gX  2(1  -  q)[n]q[n  +  l]qX^ 


+ 


Qi[n?q  -  l)bn  (N2  -  1)62 

((g  -  l)(2g  -  l)[n]g  +  q)[n+  1]^  +  (1  -  q)[n]q  (  x  ^ 


g([n]2  -  1) 


X 


g(Ng  -  1) 

2[n]g 


(l-f 


n+1 


[n]q  +  (5 


b 

^n. 


— 


- 1 


“h  Oi 


26„x 
[n]g  +  (3 


((g-l)[n]g-g-l)[n  +  l]gX 
g([n]2  -  l)6n 
2(1  -g)[n]g[n  +  l]gx2 

(M^  -  m 

((g  -  l)(2g  -  l)Ng  +  q)[n  +  l]q  +  (1  -  q)[n]q 


+ 


X 


g([n]2  -  1) 


n+l 


g(Ng  -  1) 


X 


(l-f 


n+1 


6 

^n. 


-  1 


“h  Ot 
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+ 


(N,  +  /3)2 

+A 


o?  +  (2a  +  1) 


[n]gX 


(^2qa{{q  -  l)[n]q  -  q  -  1) 


+ 


-q) 


g2([n]2  -  l)bn 
-  1)  -  9(V  +  3g  -  2)  -  1)  -  Aqa{l 

[n]g[n  +  l]g 

J  - 1) 


+  2a[n]g{[n]g  -  1)  j  ^ 


+ 


2q{l  -  q^)[n]q[n  +  l]g[n  -  l]gX^ 

(N^  -  1)63 


+ 


{{q^-mq 


-l)[n]g  +  Sq"^  +  l)[n]g[n  +  l]g  +  2a^((g  -  l)(2g 


-l)[n]g  +  q)[n+  l]g  +  (1  -  q)[n] 


n. 


+ 


[n  +  l]g  _ 

[n\g  +  l  q{[n]g-l)jyh 

2qa  —  1 
- 1) 


n+1 


J  Qi[n?g  -  1) 


^n. 


n+l 


Lemma  4.  If  0  <  x  <  bn  and  bn  is  a  sequence  of  positive  numbers  such  that 
lim„^oo  bn  =  oo,  lim„^oo  -r^  =  0,  A  G  [-1, 1],  then 


n 


a 


(a)  lim  -  x)‘^;x)  =  (4a  +  l)x. 

n^oo  On  ’ 


3.  Korovkin- type  approximation  theorem 

We  now  give  the  Gadzhiev’s  results  in  weighted  spaces.  Therefore  we  need 
to  introduce  the  notations  of  [7].  Let  p{x)  =  1  +  — oo  <  x  <  oo  and  Bp 

be  the  set  of  all  functions  /  defined  on  the  real  axis  satisfying  the  condition 
I  f{x)  |<  Mfp{x),  where  Mj  is  a  constant  depending  only  on  /.  Bp  is  a  normed 
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space  with  the  norm  ||  /  \\p=  sup2,>o  /  G  Bp.  Cp  denotes  the  subspace 
of  all  continuous  functions  belonging  to  Bp  and  Cp  denotes  the  subspace  of  all 
functions  /  G  Cp  with  lim|3.|^oo  =  k,  where  A:  is  a  constant  depending  on  /. 

Theorem  1.  Let  (Bn)  be  the  sequence  of  positive  linear  operators  which  act  from 
Cp  to  Bp  such  that 

lim  x)  —  a;*||p  =  0,  zG  {0,1,2}. 

Then  for  any  function  f  ^ 

lim  \\Bnf  -  /lip  =  0, 

n^oo 

and  there  exists  a  function  f*  G  Cp\Cp  such  that 

lim  ||B„/*-r||p>l. 

n^oo 


Theorem  2.  Let  B^f^  be  the  sequence  of  positive  linear  operators  defined  by 
(7)  and  p{x)  =  1  +  with  0  <  x  <  bn,  lim„^oo  bn  =  oo,  lim„^oo  =  0, 


n  \ 


A  G  [—1,1].  Then  for  each  f  G  Cp 


Proof  It  is  enough  to  prove  that  the  conditions  of  the  weighted  Korovkin 
type  theorem  given  by  Theorem  1  are  satisfied.  From  Lemma2(i),  it  is  immediate 
that 

111  _  o  (12) 


i™oll<A,g(eo;x)-l||p  =  0. 


Using  Lemma2(ii),  we  have 


-a^llp  = 


\nl 


X 


.  ,  ^  —  1  sup  ^  „ 

[n\q  +  p  /  xGRn  1  +  a; 


+  1 


\n\. 


/3 


A 


xGRq 

((g-  l)[n]q-q  -  l)[ra  +  l]gX 

g([re]2  -  l)bn 


+ 


2(1  -  q)[n]q[n  +  l]qx‘^ 

([n]2  -  1)62 

{{q  -  l)(2g  -  l)[n]g  +  q)[n+  l]q  +  (1  -  q)[n]q  (  x 
g([n]2  -  1) 


n+l 
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Hence  we  obtain 


lim\\Biy’{ei;x)  -  x\\p  =  0. 


By  means  of  Lemma  2  (iii),  we  get 


26n  [  ^r((g  -  l)[n]g  -  g  -  l)[n  + l]ga; 


[n]q  +  /3{  [  q{[n]^-l)bn 

2(1  -  q)[n]q[n  + 

(N^  -  1)62 

{{q  -  l){2q  -  l)[n]q  +  q)[n  +  1],  +  (1  -  q)[n]q  f  x 

<?(N2-1)  \bj 

-  .r  +«}  sup 

9([u-]g  1)  V  /  J  J  xGRq  1+2; 


i[n]q  +  l3f 


+  (2q;  +  1)J— + - 1- A  (  2gQ;((g' -  l)[n] 


[n  +  l]qX 

g2([n]2  -  l)b„ 


+  i[n]qiq  -l)-q{2q  +  3g  -  2)  -  1)  -  4ga(l 


-q-l)  +  (g2  +  l)[n]q  -  q'^  + 


[n\q[n  +  l]q 


\  x^ 

+ ‘2a[n]q{[n]q  -  1)J  p- 


q{[n?q  -  1)  '  -y  62 

2q{l  -  q^)[n]q[n  +  l]q[n  -  l]qx^  [T  , 

(K-i«  if'  ' 

-l)Ny  +  +  +  l)Hg[«+  l]q  +  2«(((q-  l)(2g  -  l)[n]^ 

K 

^(Hs-  i)/v*t./ 

^q^Mq-i)  _ }  3 1+^ 


_ [u  +  Ijq 

-  1)  Ng  +  1 
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From  (12),  (13)  and  (14),  for  i  G  {0, 1,2},  we  have 


(14) 


lim  \\B' 


X^(f;x)-x*||,  =  0. 


Applying  Theorem  1,  we  obtain  the  desired  result.  ◄ 

Now,  we  present  a  weighted  approximation  theorem  for  functions  in  Cp. 


Theorem  3.  Let  0  <  x  <  bn,  lim, 


6„  =  oo,  lim„^oo  =  0,  A  G  [-1, 1], 


m. 


f  ^  Cp  and  a  >  0  .  Then  we  have 


lim  sup 

’^^°°a;e[0,oo) 


(1  +  x2)l+“ 


=  0. 


Proof.  For  any  fixed  xq  >  0, 


sup 

a;S[0,oo) 


B 


(1  +  x2)l+“ 


<  sup 


— 

s  -  /Wllc|0,io] 

(i  +  x-yx. 


+  sup 


fix) 


.>ro(i+x2)i+« 


=  Ii  +  /2  +  h- 

Since  |  /(x)  |<  ||/||p(l  +  x^),  we  have 


(15) 


h 


I  fix)  I 

S  (1  +  x2)l+« 


<  sup 
x>xo 


II/IIp 

(1  +x2)“ 


< 


ll/llp 

(1  +  X2)“- 


Let  e  >  0  be  arbitrary. 

There  exists  ni  G  N  such  that 
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(l+x2)l+“  (l  +  x2)l+“"'"'^ 


(1  +  x^)  + 


3II/II 


< 


Hence 


p  sup 


(l  +  x2)“  3 


+  -  Vn  >  ni- 


Vn  >  ni 
(16) 


< 


,>^0  (l  +  x2)i+«  ^  {l+xlr  3’ 


+  -,  Vn>ni. 


Thus 


-^2  +  -^3  < 


2II/II, 


(l  +  x2)«  '  3 
Now,  let  us  choose  xq  to  be  so  large  that 


+  TT)  Vn  >  m. 


< 


Then, 


(1  +  x2)“  6 


2e 


-^2  +  ^3  <  y,  Vn  >  ni. 


h  =  -  f\\c[0M  < 

Let  no  =  max(ni,n2).  Then,  combining  (15)-(18),  we  obtain 

I  I  ^  ^ 

, - n  +T2ii+a - <  -  ''o- 

aiG[0,oo)  (^i  +  X  J 

This  completes  the  proof.  ◄ 


(17) 

(18) 


4.  Order  of  convergence 

Now  we  give  the  rate  of  convergence  of  the  operators  (/;  x)  in  terms  of 

the  elements  of  the  usual  Lipschitz  class  LipMil)- 

Let  /  G  (^^[O,©©),  M  >  0  and  0  <  7  <  1.  We  recall  that  /  belongs  to  the 
class  LipMi'y)  if  inequality 

\  f{t)  —  /(x)  \<  M  \  t  —  X  P  t, X  G  [0, 00) 


is  satisfied. 
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Theorem  4.  Let  0  <  x  <  bn,  0  <  a  <  P  and  A  G  [— 1, 
/  G  LipMi'y),  have 


B, 


(“>/?) 


,A,q(/;a;)  -  fix)  l<  M{5n{x)) 


where 


Sn{x)  =  -  x)'^;x). 


Proof.  For  /  G  LipMi'y),  obtain 
(/;  x)  -  fix)  I 


^bn,kix-,q)i^f 

k=0 
n 

<  '^bn,kix;q) 


k=0 

n 

<  M  y^  bn^jx]  q) 

k=0 


Wg  +  Qj 
Nn  +  13 

[k]q  +  a 


bn  -  fix) 


n]q  +  /3 

[k]q  +  a 


bn  -  fix) 


No  + 13 


bn  —  X 


Applying  Holder’s  inequality  with  p  =  ^  and  q  = 
inequality; 

I  f. 


a2(/;N-/(NI  <  M 

/  n  ^ 

X  y2bn,kix-,q) 


2-^ 

2 


\k=0 


From  Lemma  2  we  get 

=  2./  (bIjiJ  ((« -  ('-d) 


Choosing  6  :  (5n(a^)  =  ((t  —  x)^;  x) 

we  obtain 

l^iAg(/;N-/N)l<M(<5Nx))i, 

Hence,  the  desired  result  is  obtained.  ◄ 


Then  for  each 


we  get  following 


' — y 

2 
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We  will  estimate  the  rate  of  convergence  in  terms  of  modulus  of  continuity. 
Let  /  G  ^^[O,  oo),  and  suppose  the  modulus  of  continuity  of  /  denoted  by  uj{f,  S) 
gives  the  maximum  oscillation  of  /  in  any  interval  of  length  not  exceeding  6  >  0 
and  it  is  given  by  the  relation 

u{f,6)  =  ma,x  |  f{y)  -  f{x)  |,  x,y  e  [0,oo). 

\y-x\<d 

It  is  known  that  lim5_^o+  (5)  =  0  for  /  G  Cb[0,  oo)  and  for  any  d  >  0  one  has 
I  fiy)  -  fix)  \<  ^  ^  ^  ^  w(/, 5).  (19) 

Theorem  5.  // /  G  CeiOjOc),  then 

I  -  fix)  1^  2a;(/;  iV^nix)), 

where  w(/;  •)  is  modulus  of  continuity  of  f  and  (5„(x)  is  the  same  as  in  Theorem 

I 

Proof.  Using  triangular  inequality,  we  get 


Bnf,qif;x)-  fix)\  = 


< 


^K,kix',Q)[f 


k=0 


f[k]q  +  a 

V  [n]q  +  /3 


'^bn,kix;q) 

k=0 


/[fc]g  +  a 

V  [n]q  +  /? 


-  fix'^ 

fix)  ■ 


Now  using  inequality  (19),  Holder’s  inequality  and  Lemma  2,  we  get 


Bnflif-^x)  -  fix) 


< 


n  ( I  [fc]g+Q  T  _  I  \ 

^bn,kix;q)  ( - ^  1  j  u!if,S) 

n 

u(f,s)Yi  bn,kix;q) 
k=0 

,  ^if:^)  (  \ 

H - —  Z^bn,kix-,q) 

k=0 


[k]q  +  a 


[n]q  +  /3 


bn  —  X 


‘^(/)  <^)  + 


^(/,  S) 

5 


'^bn,kix;q) 

k=0 


f[k]q  +  a 

V  [n]q  +  /? 


1 

2 
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—  ‘^(/)  <^)  + 


5 


1 

2 


Choosing  5  =  Sn{x)  as  in  Theorem  4,  we  have 

I  -  /(^)  1^  2a;(/;  (\/<^n(a:)). 

This  completes  the  proof.  ◄ 


Theorem  6.  If  f  is  a  differentiable  funetion  on  [0,oo)  and  f  G  CeiOjOc),  then 
for  any  x  G  [0,  oo)  and  5  >  0,  it  follows 


\B 


n,\,q 


{f;x)  -  f{x)\ 


_  (  Mg  bn  (  - 

VN,  +  /3  J  ^[n],  +  n  [ 

((g  -  l)Mg  -  g  -  l)[n  +  l]qX  _  2(1  -  g)[n]g[n  + 
g([n]2  -  l)bn  ([n]2  -  1)62 

((g  -  l)(2g  -  l)[n]q  +  q)[n  +  l]q  +  (1  -  q)[n]q  f  x 

g(N2-l)  \bn) 


f!f  \n+l  _  1  ^ 

bj^  ) 


f'{x)  +  2Suj{f,5), 


with  S 


1 

2 


Proof.  Starting  with  the  identity 


fit)  -  fix)  =  f’ix){t  -  x)  +  f{t)  -  f{x)  -  fix){t  -  x), 


we  get  for  f  between  t  and  x 


(20) 


\fit)- fix)- fix){t-x)\  =  \f{^)  -  f{x)\\t-  x\, 

using  the  Lagrange  mean  value  theorem  {f{t)—f{x)  =  f  {f){t—x),  with  between 
t  and  x).  As  |^  —  x|  <  |t  —  x|,  it  follows 


\f'iO-f'ix)\  <  a;(/M  t  -  X  I)  <  ^1  +  ^  I  t  -  X  I  ^a;(/',(5), 


and 
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\f{t)  -  fix)  -  x)\  <  (^\t-x\+^it-x)'^^uj{f',5). 

Applying  the  linear  positive  Stancu-Chlodowsky  type  (A,  (7)-Bernstein  opera¬ 
tors  (7)  to  the  inequality 

\fit)-fix)\  <  \f'ix){t-x)\  + (^\t-x\+^{t-x)^'^u}if',6), 
obtained  from  (20)  and  the  above  relations,  we  get 


\Bl^\,gif'^x)  -  f{x)\  <  fix) 


+  -x;x)  +  ((ei  -  x)^a;(/',  5).  (21) 

The  Cauchy-Schwarz  inequality  for  linear  positive  operators  leads  to 


(I  ei  -  X  I ;  x)  <  (  > (eo;  x) )  •  (  Bff  > ((ei  -  x)";  x) 


(22) 


Due  to  the  relation  (22)  and  the  result  presented  by  Lemma  4, the  inequality  (21) 
becomes 


\B 


(“-4) 

n,\,q 


if;x)  -  /(x)| 


_  (  [n]g  bn  (  - 

V[n],  +  /3  )  ^[n]g  +  n  [ 

iiq  -  l)[n]q  -q-  l)[n  -k  l]qX  2(1  -  q)[n]q[n  +  Ij^x^ 
Qi[n?q  -  l)bn  iinfq  " 

jjq  -  l)(2g  -  l)[n]q  +  q)[n  +  l]q  +  (1  -  q)[n]q  (  x 

<li[n?q-l)  W) 


ff  yi+i  _  1  ^ 

bj^  ) 


fix)  +  2Sujif,5) 


with  5 


((ei  -x)2; 


1 

2 


.  ◄ 
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5.  Direct  results 


In  this  section  we  discuss  the  direct  result  and  Voronovskaja  type  asymptotic 
formula  for  the  operators  By  Cb[^,  oo),  we  denote  the  space  of  real- valued 

continuous  and  bounded  functions  /  defined  on  the  interval  [0, oo).  The  norm 
II  •  II  on  the  space  (^^[O, oo)  is  given  by 

II  /  11=  sup  I  f{x)  I  . 

0<X<CXD 

Further  let  us  consider  the  following  iA-functional; 

K2{f,S)=  inf  III  /  -  g  II -b(5  II  /  III, 
gew^ 

where  5  >  0  and  W‘^  =  {<7  £  oo)  ;  g\g'  G  CbIOjCo)}.  By  Theorem  (2.4)  of 

[6],  there  exists  an  absolute  constant  C  >  0  such  that 

K2if,5)<Cuj2if,V5),  (23) 

where 

W2(/,\/(5)  =  sup  sup  I  f{x  +  2h)  —  2f{x  +  h)  +  f{x)  \ 

0<h<v^*e[0,oo) 

is  the  second  order  modulus  of  smoothness  of  /  G  Cb[^-,  oo).  The  usual  modulus 
of  continuity  of  /  G  CbIO,  oo)  is  defined  by 

w{f,5)=  sup  sup  \  f{x  +  h)  -  f{x)\  . 

0</i<(5  a:G[0,oo) 

Theorem  7.  Let  x  G  [0,6^],  /  £  C'b[0,co),  0<a:<6„,  0<Q!</3  and 
A  G  [—1,1].  Then  for  all  n  G  N,  there  exists  a  positive  constant  C  >  0  such  that 

I  -  /(^)  I  ^  CuJ2if,Sn{x))  +U}{f,an{x)), 


Sn{x)  = 


((ei  -  x)2;x)  -b  {an{x)f, 


an{x) 


dn^  H“  l)x  -|-  Xbn 


n+l 


where 
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_  [n]q  ,  _  bn  _  {{q  -  l)[n\q  -  q  -  l)[n  +  l]q 

N.  +  /3’  N. +  Qi[n?q-l)bn 


_  2{1  -  q)[n]q[n  +  l]q  _  {{q  -  l){2q  -  l)[n]q  +  q)[n  +  l]q  +  {1  -  q)[n]q 

i[n?q-l)bl  Q{[n?q-l) 

1 

q{[n],-l)- 

Proof.  For  x  G  [0,  oo),  we  consider  the  auxiliary  operators  defined  by 

^n,g(/;  X)  =  [f]  x)  +  f{x)  -  f  +  (On  +  dnX  +  A6„Cn)x 

_L  \f.  „  //I  _  ^\n+l  _  1  A 


+A6„  -  Uniil  -  -  1)J  . 

From  Lemma  2(i)(ii)  and  Lemma  3(i),  we  observe  that  the  operators  B^{f;x) 
are  linear  and  reproduce  the  linear  functions.  Hence 

K,qieo;x)  =  (eo ;  x)  +  1  -  1  =  1 


-Sn,g(ei;  a:)  =  {ei]x)+X-  \^bna  +  {an  +  dnX  +  XbnCn)'. 

+Xbn{rn{^T^^  -  Un{{l  “  -  1)^  =X 

\  bn  bn  J 

■^n,g  ((^1  xfx^  Bn^q{^l :  X^  xB.^g  (cq?  a^)  0. 

Let  X  G  [0,oo)  and  g  G  C‘^[0,oo).  Using  the  Taylor’s  formula,  we  get 

g{t)  =  g{x)  +  g'{x){t  -  x)  +  f  {t  -  u)g''{u)du. 

J  X 

Applying  Bf  to  both  sides  of  the  above  equation,  we  have 


Bn,q{9;x)  -  g{x)  =  g\x)Bl  g{{t-x);x)  +  Bl  J  {t  -  u)g”{u)du;x 


(y  it-u)g"{u)du]x^ 


ffe„a+(a„+d„a;+A6„c„)x+Afe„(r„(^)"+i-M„((l-^)"+i-l)) 


+  (a„  +  dnX  +  \bnCn)x  +  Xbn  i  -  Un{{l  - 
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—  1)  )  —  u  g'{u)du 


On  the  other  hand,  since 


(t  —  u)g"{u)<iu  <  f  I  t  —  u  II  g”{u)  \  du 

J  X 


t  —  u  \  du  <  {t  —  II  g' 


hyiCX  -\~  {o^n  d~  dyiX  “t"  XbyiCyi'jX 


+Xbn(^rn{^T^^  -  Un((l  -  ^)”+^  -  1)^  -  U^/(u)du 


<  (  bna  +  {an  +  dnX  +  \bnCn)x 


+A6n(rn(^)”+'  -  Un{{l  -  -  1))  -  ||  /  ||, 


we  conclude  that 


Bn,qi9-,x)  -  g{x)  <  M  /  (t-u)ff  (u)du; 


f>f)„o+(a„+d„x+Af)„c„)a;+A6„(r„(j^)"+l-n„((l-i^)"+l-l)) 


+  (a„  +  dnX  +  \bnCn)x  +  Xbuivni^T^^  -  Uni{l  - 


—  1)  )  —  u  g'{u)du 


<11  g”  II  Bl^fJ^{{t  -  xf;x)+  ||  g”  ||  ^bna  +  (a„  +  d„x 


+A6„Cn)x  +  Xbni  Xn(j-)" 

V  bn 
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=  11  /  II  S^nix). 

Now,  taking  into  account  Lemma  2(i),  we  have 

|5;,(/;x)|<|55^)(/;x)|+2  ||/||<3||/ 

Therefore 

I  -  fix) 


Hence,  taking  the  infimum  on  the  right-hand  side  over  all  g  £  C^[0,  oo),  we  have 
the  following  result; 

I  -  fix)  \<  4K2if,6lix)) +ajif,anix)). 

In  view  of  the  property  of  iL-functional,  we  get 

I  -  fix)  \<  Cu}2if,Snix))  +  Ujif,anix)). 

This  completes  the  proof  of  the  theorem.  ◄ 

Let  Hj,2[0,oo)  =  {/  :  for  every  x  G  [0,oo),  |  fix)  \  <  Mfil  +  x^),  Mf  being 

a  constant  depending  on  /}. 

We  denote  by  C'3.2[0,  oo),  the  space  of  all  continuous  functions  on  [0,oo)  be¬ 
longing  to  i?3,2[0, oo). 

Our  next  result  in  this  section  is  the  Voronovskaja  type  asymptotic  formula: 

Theorem  8.  For  any  function  f  G  (73,2  [0,oo)  such  that  f',f''  G  (73,2  [0, 00),  x  G 

[0,bn],  0<x<bn,  0<a</3,  lim„^oo  =  00,  lim^^oo  =  0,  and  A  G 

[n]g 

[— 1, 1],  we  have 

Yiui'^^[Bl^f^if-,x)  -  fix)]  =  af'ix)  +  iAa  +  l)xf''ix). 

Tl  ^00  ’’  ^ 


<  -9-,x)-if -g)ix) 


fi  bna  +  ian  +  dnX 


+ 


+\bnCn)x  +  Xbn  ( 

Or). 


+  I  K  qig;x)  -  gix)  \ 

<  4.\\  f  -  g  \\ +ujif,anix))  +  Slix)  \\  g' 
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Proof.  Let  f,f,f'  G  (^^[OjOo)  and  x  G  [0,bn)  be  fixed.  By  Taylor 
expansion  we  can  write 


fit)  =  fix)  +  {t-x)f'{x)  + 


2! 


-/  ix)  +  r{t,x){t-x)  , 


where  r(t,  x)  is  the  Peano  form  of  the  remainder,  r{t,x)  G  (^^[O,  oo)  and 
\m\t^^r{t,x)  =  0.  Applying  we  get 

Un 

^2. 


-x)^;x)  +  ^Bl^f^^{r{t,x){t- x)’^;x). 
On 


Therefore 

[n] 

nT4 


fi^)i  =  /'(®) 


+ 


Mg  r(«,/3) 

n^oo  5- 

+  lim 

n^oo  On  ’ 

=  af'ix)  +  (4a  +  l)xM(x) 

+  lim  ^^B^^f  ^{r{t,x)it-x)^;x) 
n^oo  On  ’ 

=  af'ix)  +  (4a  +  l)x/"(x)  +  E. 

By  Cauchy-Schwarz  inequality,  we  have 

\E\<  lim  i^B|^"^^^(M(t,x);x)5B^“;;^^((t-x)^;x)T 

TL  r  CXj  On 

Observe  that  r^(x,x)  =  0  and  M(-,x)  G  (^^[OjOo).  Then,  it  follows  that 

lim  x);x)  =  (r^(x,x);x)  =  0 

n^oo  bn  ’  ’9 

uniformly  with  respect  to  x  G  [0,6,^].  Now  from  (24)  and  (25)  we  obtain 
lim  ^^Bl^f  ^{rit,x)it-x)^;x)  =  0. 

Hence,  E  =  0^  and  using  Lemma  4,  we  have 

lim  - /M)]  =  a/'(x)  +  (4a  +  l)x/"(x), 

which  completes  the  proof.  ◄ 
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6.  Generalization  of  the  Stancu  type 
(A,  g)-Bernstein-Chlodowsky  operators 


We  now  give  a  generalization  of  Chlodowsky-type  (A,  g)-Bernstein-Stancu  op¬ 
erators.  For  X  >  0,  consider  any  continuous  function  cj(x)  >  1  and  define 


Gf{t)  =  fit) 


1  +  r 

Uj(x) 


Let  us  consider  the  generalization  of  as  follows 


n,X,q 


if',x) 


L0{x) 

1+t^ 


^  ^  ^n,ki^i  Q)Gj 


k=0 


[k]q 

[n\q  +  j3 


bn  + 


where  0  <  x  <  6,^  and  (6„)  has  the  properties  of  Chlodowsky  variant  of  (A,  q)- 
Bernstein-Stancu  operators.  Notice  that  this  kind  of  generalization  was  consid¬ 
ered  earlier  for  the  Bernstein-Chlodowsky  polynomials  [7],  g-Bernstein-Chlodowsky 
polynomials  [3]  and  Chlodowsky  variant  of  q-Bernstein-Schurer-Stancu  operators 
[18].  Now  we  have  the  following  approximation  theorem. 

Theorem  9.  For  the  continuous  functions  satisfying 


lim  — ^  =  Kf  <  oo, 

x^co  uj[x) 


we  have 


lim  sup 

X^OO  0<a;<fe„ 


I  ^n,\,q 


if;x)  -  fix) 
uix) 


0, 


provided  that  x  G  [0,bn],  0  <  x  <  bn,  0  <  a  <  (3,  lim„_^oo  bn 
0,  and  A  G  [—1, 1]. 

Proof. 


1 . 

oCj  -j^  —  — 


n 


n 


-.bn  + 


a 


[n]q  +  (3  [n]q  +  13 


bn  -  Gfix) 


and  therefore 
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I  -  fix)  I  I  -  a,{x) 

sup  - - -  =  sup  - — - 2 - • 

0<x<bn  UJ\X)  0<x<bn  1  “h  X 

From  I  f{x)  |<  MfUj{x)  and  the  continuity  of  the  function  /,  we  have 

I  Gf{x)  \<  Mf{l  +  x^),  for  X  >  0  and  Gf{x)  is  a  continuous  function  on  [0, oo). 

Using  Theorem  2,  we  get  the  desired  result.  ◄ 

Finally  note  that  in  case  a;(x)  =  1  +  x^,  the  operator  reduces  to  B^f^. 
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